Abstract. In the planar limit of B-model open string field theory in the Dijkgraaf-Vafa context, an enlarged cyclic symmetry is formulated by introducing the idea of homotopy Lie categories (L∞ categories) on a set of sequences of holomorphic functions (prepotentials with Whitham deformations) following the work of Itoyama and Kanno.
Introduction
This article is the second part of a series formulating homological mirror symmetry in the large-N limit.
In part I we discussed the planar limit of the Dijkgraaf-Vafa open string B-model on a resolved conifold in the language of homotopy associative (A ∞ ) algebras. [1, 2, 3] There we reduced the homotopy Lie (L ∞ ) associativities in each perturbative order to A ∞ associativity. The associativity is due to hidden bosonic field degrees of freedom as shown in Ref. 4 . The higher composition structure is written as a tau function with Whitham deformation time variables and is studied using the relation between integrable hierarchies and the spectral curve for local Calabi-Yau geometry. [5, 6] The main result of part I was the definition of the A ∞ category of planar open string fields bounded on D-2 branes.
In part I we also considered this A ∞ associativity in the B-model as a mirror of the Fukaya D-brane category in the mirror A-model and we conjectured the existence of an L ∞ 'category' as large-N open/closed string transition. Usually the L ∞ 'algebra' is used since this localizes the objects of the A ∞ version by the action of the cyclic symmetry group S N , and the L ∞ algebra is enough to describe the theory. However, it is possible to define a morphism of this category to introduce L ∞ associativity with a non-trivial mathematical structure, comparable to Lagrangian Floer theory in the A ∞ side, Fukaya category. [7, 8] The disk world sheet D 2 is replaced by the projective line CP 1 . There the objects are prepotentials and they form a category not an algebra.
In part II, we continue the study of a special B-side model and show an enlargement of the cyclic symmetry of (coherent) open string field states. In our L ∞ structure of morphisms there is a state that is defined by the kernel of an infinite matrix of second derivatives of the difference of two prepotentials with respect to period integrals on a curve and deformation parameters. The mathematical formulation is given by H. Itoyama and H. Kanno. [9] We use the Witten-DijkgraafVerlinde-Verlinde (WDVV) equation to define the effective action of the DijkgraafVafa prepotential. [10, 11, 5, 6] Because of their formulation of the condition for degenerations of the Seiberg-Witten curve, the category of prepotentials called the L ∞ category is the twin of the A ∞ category for the Dijkgraaf-Vafa system defined in part I.
Preliminaries
2.1. Dijkgraaf-Vafa integrable system with Whitham deformation. The integrable hierarchies in the theory of R. Dijkgraaf and C. Vafa as a special case of Seiberg-Witten theory have been explored by Itoyama and Morozov. [5, 6] We summarize the mathematical content of those papers here.
The concrete form of the Dijkgraaf-Vafa curve is defined by an arbitrary degree n + 1 polynomial W (x) with zeros of its derivative W ′ (α i ) = 0, i = 1, 2, . . . , n, and complex numbers S i as
We will denote the 2n zeros of Y (x) by β i , i = 1, 2, · · · , 2n. The concrete form of curve is given to maintain the duality between N = 1 super Yang-Mills, one matrix model and topological B-model having the same polynomial W (x) in their actions as superpotential, matrix model action and potential for D-2 branes respectively.
The closed Riemann surface structure on C is defined by gluing two Riemann spheres along n cuts between two zeros.
A meromorphic 1-form termed the Seiberg-Witten differential dS on this curve C is defined in the Dijkgraaf-Vafa context by [5, 6] (2) dS ≡ Y (x)dx on C and is called the Dijkgraaf-Vafa differential. We define two period integrals on C: hyper-elliptic integrals for the cycle A i , i = 1, 2, · · · , n for genus n around the i-th branch cut of the closed Riemann surface C, and for its symplectic dual cycle B i on H 1 (C, Z) such that the intersection of the cycles is governed by
and prepotential F ( a) is defined as a holomorphic function of period integrals a by
There are n − 1 number of linearly independent differentials
on C. They are distinguished from each other by its period integrals. In the following, we study the Whitham deformations of one of these Dijkgraaf-Vafa differentials.
As stated in the work by Gorsky et al., [12] the Seiberg-Witten data in this integrable system can be reduced to a Toda chain integrable system by introducing the infinite Whitham time variables T ℓ , for odd numbers ℓ ≥ 0. For instance, the continuous deformation of the Seiberg-Witten differential dS( a) to dS( a, T ) given by (6) dS ≡ dS + ℓ:odd
conserves the properties of Seiberg-Witten curves such a way that the derivative by moduli of the differential dS is less singular than dS itself. The one form dΩ ℓ on C is defined such that the B-cycle period integrals only have non-zero values, namely (7) Ai dΩ ℓ = 0, i = 1, 2, · · · , n, ℓ : odd and, in the limit that the local coordinate z goes to infinity on the Riemann surface C, dΩ ℓ behaves asymptotically as (8) dΩ ℓ = dz − ℓ n + nonsingular part, ℓ : odd. So, around the z = ∞, there are n branch cuts. Each ℓ-degree time variable T ℓ is the coefficient of a pole of dS. 
The minimum of it corresponds to topological B-model vacua Φ
Around these vacua, we can interpret the Whitham time variables T ℓ physically as the coefficients of level ℓ modes of harmonic oscillator approximation
in coherent states:
where α † ℓ is a bosonic creation operator for the ℓ-th mode and |0 i is a ground state of δΦ i fields such that α ℓ |0 i = 0 with ghost number d in a BRST Fock space constructed from the BRST differential Q B ≡∂.
The Seiberg-Witten prepotential also is deformed to F ( a, T ) by substituting dS into Eq. (4). This extended function will be used later to define the L ∞ category.
2.2. Itoyama-Kanno's theorem. Itoyama and Kanno derived the following elegant formulation of the degenerations of the Dijkgraaf-Vafa curve.
Theorem (9) . The condition that the Seiberg-Witten curve with Whitham deformation which has the structure of a closed Riemann surface
degenerates to some non-intersecting cycles of the Seiberg-Witten curve C of genus m(< n) and takes the form
That is, the kernel of the matrix on the left hand side of Eq. (15) has a non-trivial infinite-dimensional vector denoted by c for prepotential F .
Proof. The proof is as follows. [9] If there exists c( = 0) ∈ C ∞ , we can make the linear combination
which is a meromorphic one-form on the Dijkgraaf-Vafa curve and the period integrals of dΩ over all A i and B i cycles (that is, all bases on H 1 (C, Z) in our notation) vanish. Weierstrass's gap theorem states such a meromorphic one-form on C, whose integral along any path ending with a point z, f (z) ≡ z dΩ, has poles of order d j , j = 1, 2, . . . , n such that
does not exist. [13] This is a contradiction. So there must exist some cycles on C.
N = 2 Limit and Enlarged Cyclic Symmetry
As mentioned before, Dijkgraaf and Vafa related a special topological B-model on a resolved conifold, defined by an action written using the polynomial W (x) appearing in Eq. (1), to N = 1 supersymmetric gauge theories using a kind of large-N open-closed string duality. We consider the situation in which N D-2 branes wrap around the resolved singularity S 2 . Of course, in Dijkgraaf-Vafa theory, the size of matrix model is independent from the rank of supersymmetric gauge theory. However, when we coincident them as seen in Cachazo-Vafa's paper, [14] we can see the enlarged cyclic symmetry directly. This is because, in this case the superpotential is taken into a part of prepotential and Dijkgraaf-Vafa theory goes to N = 2 Seiberg-Witten theory.
In the limit of a large number of D-2 branes on the same blown up sphere, the S-duality group for electric-magnetic duality in Seiberg-Witten theory becomes inductively
for Fuchsian subgroup of degree one Γ(n), such that C n = Γ(n)\h is a genus n closed Riemann surface. The product between two elements γ 1 and γ 2 in Γ is defined as the one between the fundamental classes on the Dijkgraaf-Vafa curve π 1 (C n , p) ≃ Γ(n) for identification with the monodromy matrices on SU (n) Seiberg-Witten curve C n . Then the fundamental classes on the large-'n' Dijkgraaf-Vafa curve C ∞ are identified with geodesics that are circles connecting two fixed points by an element of Γ on the Poincaré upper half plane h. To maintain the correspondence between the way of producing geodesics and S-duality we consider the product as the one for fundamental classes. We remark on that in the large-n limit, the (cyclic) mod n orders of fundamental classes on the Dijkgraaf-Vafa curve C ∞ are not distinguished. Now, our focus is associativity on (topological) open string fields. For small-N open string fields, associativity is defined by the cyclic symmetry of a world sheet with marks on its boundary, and is precisely identified with the existence of a BRST operator that gives ghost numbers on each vertex states. Mathematically this is the degree of the A ∞ algebra or category. In the large N limit, the cyclic symmetry is enlarged and the world sheet becomes a planar diagram. This is the gauge theory-gravity transition.
In an A ∞ category the difference between two Massey products as s and t channels is expanded to the convergent series of summations over higher order composition structures viewed as Feynman graphs.
The cyclic symmetry of the vertex operators on the world sheet is transformed to a closed string L ∞ algebra. The L ∞ algebra is defined by forming the quotient of the tensor product of N elements of A ∞ algebra by the cyclic S N symmetry of open string fields. The composition structure rule is the same as for A ∞ except for a factor of 1/N !.
From the Itoyama-Kanno's theorem, the kernel of the second derivative of the prepotential characterizes the degeneration into two Riemann surfaces. 
L ∞ Category
In this section we define the D-brane category for the large-N Dijkgraaf-Vafa B-model. The planar open string fields (POSF) with enlarged cyclic symmetry have an L ∞ associativity (algebra). In our special case, the POSF have a boundary on the i-th D-2 brane wrapping on S 2 . The L ∞ algebra is extended to a homotopical category for the set of these D-2 branes.
We define this as follows.
(1) Objects are sequences of holomorphic functions F d ( a, T ) labeled by d = 0, 1, 2, · · · with variables a = (a 1 , a 2 , · · · , a n ) and deformation parameters T such that
is the number of Whitham flow critical points of F d . In the following we suppress this label. (2) The morphism is a linear subspace in C ∞ of Whitham deformations between objects F i and F j at the value of vector a ∈ n k=1 C a k , i.e. the Itoyama-Kanno kernel for the difference of two objects (F i − F j )( a, T ). The set of morphisms has the structure of a chain complex given by the sequence of vector spaces with degree d and its differential∂ denoted by
where the m k satisfy the L ∞ algebra. We now explain the construction of an L ∞ category for a Dijkgraaf-Vafa Bmodel.
In Dijkgraaf-Vafa theory, the object F ( a, T ) is a prepotential for a DijkgraafVafa curve C that satisfies the WDVV equation, and secondary special geometrical properties as reviewed in Sec. 2.1. We set the degree d for the ghost number of the coherent state | c in Eq. (12) and∂ for the BRST charge. Roughly speaking, they are moduli parameters associated with the choice of a symplectic basis of cycles of Dijkgraaf-Vafa curves. This was studied in part I of this series. [1] For this model, the composition m k is defined by the amplitude of POSF based on the Dijkgraaf-Vafa duality between the topological B-model and one matrix model
where the morphism is ( a i , c i ) ∈ H (F i , F i+1 ) and the action of σ ∈ S k on a planar diagram is given by
Here, CP 1 means the Feynman diagram of planar limited matrix integral, for example, We now comment on the associativity of closed string fields. The equation of motion for a Bershadsky-Cecotti-Ooguri-Vafa topological B-model closed string field Φ is the Kodaira-Spencer equation [15] (25)∂Φ + Φ ∧ Φ = 0. This is equivalent to the cup product L ∞ structure in differential graded Lie algebras. This associativity is the same as the one obtained for the prepotential A ∞ category by enlarging its cyclic symmetry, i.e. taking quotient with S N group actions in each perturbation degree N , as was done in sec.2.3.2 of part I. [1] The associativity is supported by the paper of Aganagic et al. [4] .
Conclusion
Planar topological open string fields in the Dijkgraaf-Vafa context, i.e. on D-2 branes wrapping around S 2 in a resolved conifold, are captured by the L ∞ category. We conjecture that this description also stands in the general planar limit.
The mirror A-side of Dijkgraaf-Vafa theory, known as the Chern-Simons matrix model, and planar homological mirror symmetry (PHMS) shall be described in this mathematical language in part III of this series. As studied in part I, the product structure of the Dijkgraaf-Vafa category is a Toda tau function and is a partition function of the planar matrix model.
The author hopes that PHMS is taken as a new kind of duality between two tau functions in the two deformation structures of the Calabi-Yau threefold which will present new perspectives in hyperbolic geometry and the theory of theta functions.
